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ABSTRACT v
Recently Kundu(1993a) has proposed a non-linear
eigenvalue method for finding the maximum 1likelihood
estimators (MLE) of the parameters of undamped
exponential signals. It is known to perform better
than the previously existing methods like FBLP of Tufts
and Kumaresan (1982) or Pisarenko’s method (Pisarenko;

1972), in the sense of lower mean squared errors. The
solution in general depends on the roots of a
polynomial equation. It is observed that the
coefficients of the polynomial exhibit a certain

symmetry. Since it is known (Crowder; 1984) that the
MLE with constraints is more efficient than the
unconstrained MLE, modified maximum likelihood method
has been suggested to estimate the parameters under
these symmetric constraints. It is observed in the
simulation study that the mean squared errors of the
constrained MLE are closer to the Cramer-Rao lower
bound than the ordinary MLE in almost all the

situations.

Key Words and Phrases: Constrained MLE, Multiple
Sinusoids, Prony’s Algorithm, EVLP, FBLP.




1. INTRODUCTION

In signal processing detecting the number of
signals and estimating the parameters of the signals
are very important problems. In this article, we
consider the estimation\of the following exponentially
undamped sinusoidal signal with additive noise, i.e.

M iwkn
Yp = T oy e + e n=1,...,N (1.1)

n

k=1
Here o are unknown complex numbers, W, € [0,2r) are
unknown radian frequencies and i = J{-1. The s, are
independent identically distributed (i.i.d.) complex

valued error random variables such that E(en) = 0 and

2 2 _ : -
E]en| = o". ? = (dl,---,dM)r f = (“11""QM) are

unknown and the wk’s are assumed to be distinct. The
problem is to estimate the unknown parameters, given a
sample of size N. Here we assume tha£ M, the number of
signals, is known.

Furthermore consider the following non-linear time
series regression model;

L
Yo = T [Ak cos(mkn) + By sin(wkn)] + e

k=1 n

n=1,...,N (1.2)

Here Ak and Bkare real amplitudes and wk’s are

frequencies and en’s are 1i.i.d. real valued random
variables with mean zero and finite wvariance 2.
Observe that the model (1.2) can be written as a
special case of the model (1.1).

The problem of estimating the parameters of
complex sinusoids in noise has received considerable
attention in the past several years, [see for example

Kay and Marple (1981 )and Kay;(}QS&JChapter 13§ in the
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Electrical Engineering literature where as a reasonable
amount of work has been done starting with the work of
Hannan (1971) and Walker (1971),in the Statistics
literature also, (see for example Rice and Rosenblatt;
Q988 and Kundu ( 1993bbfor estimating real sinusoids.
Under the normality assumptions on the error term, the

maximum likelihood estimators (MLE) of w and a are same

as the non-linear least squares estimators obtained by

minimizing
N M insk 2
Ry(a,@) =L |y, - L a e (1.3)
N n=11"1 k=1 k
with respect to ? = (61,...,6M) and ? = (al,...,aM).

The solution obtained from (1.3) is a consistent

estimator of w and a (Mitra and Kundu; 1993 or Rao and

~ ~

Zhao (1993)). Unfortunately it is known that (Smyth;
1985, Kundu; 1989) the general purpose algorithms such
as Gauss Newton, Newton Rapson or their variants often
have great difficulty in converging to the optimum
solution. Recently Kundu (1993a) gives an efficient

iterative procedure to obtain the MLE of ®, the

~

asymptotic stability of the procedure can be found in
Kundu (1994).

In estimating the frequencies, the methods like
the Pisarenko’s method (Pisarenko; 1972), Forward
Backward Linear Prediction (FBLP) of Tufts and
Kumaresan (1982), EquiVariance Linear Prediction (EVLP)
discussed in Bai, Krishnaiah and 2Zhao (1986) or ‘-Rao
(1988), are based on the classical methods of Prony
(1795). The basic MLE Prony method goes back to Osborne
(1975). That method was further developed and
investigated by Osborne and Smyth (1991, 1994) and Kahn
et. al. (1992). Bai, Rao and Chow (1989) refine the
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EVLP estimators to produce efficient estimators of the
frequencies. The solution in general depends on the
roots of a polynomial equation. It is observed that
the coefficients of the polynomial equation satisfy
some symmetric constraints. Since it is known
(Crowder; 1984) that the constrained MLE has lower mean
squared error then the unconstrained MLE, we introduce
constrained MLE for this problem and compare it with
the existing methods using simulation. Observe that
once we obtain the non-linear parameters . the linear
parameters can be obtained using the simple linear
regression technique (Kundu( 1994).

The rest of the paper is organized as follows, we
provide the Pisarenko’s method in Chapter 2. The
Modified Prony algorithm is given in Chapter 3, Chapter

4 contains the Constrained maximum likelihood

procedure. Some Numerical results are provided in
Chapter 5 and we draw conclusions from our results in
Chapter 6. In the Appendix we provide some theoretical
justification of the convergence of the numerical
procedures under the assumptions of independent and

identically distributed error random variables.
2. PISARENKO’S METHOD

Prony (1795) suggested a method of solving the
non-linear estimation problem. Many standard texts on
numerical methods outline this algorithm (Barrodale
and Olesky (1981), Froberg (1969)). The algorithm can

be extended to the noisy case as follows :

Suppose that the vector g = (go,....,gM)' is
such that
M M —imj
9 + 9, 2 + ... + 9y 2 = gszgz - e ) (2.1)
- 4




then for any n 2 M+1
M M

L9 Yo = E 9 S, (2.2)
k=g ¥ “n-k 2,7k n-k

where the right hand side of (2.2) is a function of

error only. The coefficients g. are estimated by

J
minimizing
N M
2
r | o9 v. .| (2.3)
n=M+1 k=o & "n7kK

subject to the condition |g| = 1. Such a method of

estimation is known as the Pisarenko’s metth) falso

named as EVLP method by Bai, Krishnaiah and Zhaof
Q986).

Now write

[N

T = - (2.4)

*
and R = T T, here ’'* ’ denotes the complex conjugate
transpose of a matrix or of a vector. Therefore the

*
estimator of g can be obtained by minimizing g Rg such

~ ~ ~

* A
that g g = 1. If g is the estimator of g so obtained

construct the polynomial equation

" M

ao + 81 Z Fouut Gy 20 =0 (2.5)

obtain solutions in the form of

.A .A
A —lw, A —Llwy )
P € reeer Py © with Pi >0
for i =1,2,... M. (2.6)

A

IRARRRAT It is

A
and take w as estimators of w

1o 1 Opye
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shown in Bai, Krishnaiah and Zhao (1986) that o is a

~

consistent estimate of w with a convergence rate of

~

Op(N_l/2). It is observed that [Rao and Zhao; (1993)
Mitra and Kunduf 1993) « obtained by minimizing (1.2)

is a consistent estimator of w with a convergence rate

~

of op(N'3/2). on the other hand the FBLP of Tufts and
Kumaresan (1982) may not provide consistent estimator
of w (Rao; 1988).

-~

3. MODIFIED PRONY ALGORITHM

A modification to Prony’s algorithm have been
considered by Marple (1979,1987), using the fact that
the roots of the polynomial equation (2.5) should be of

unit modulus. Consider the polynomial equation

=M

P(z) = 9, + 9,2 + c.. + Iy 2 = 0 (3.1)
with 2y s k=1,....M as its roots. Since the zk's
are of unit modulus, we have zil = Ek. Therefore the
polynomial P(z) and

R(z) =g, + g Z 4...+ 3.z =0 (3.2
z) = dy IM-1 ...t gy z0 = .2)
have the same roots. Hence
g g
_—k-—':_—M K=0,..-,M
9u-k Yo
or
— 1/2 1/2
9% / _ Iu / ( )
g, — =g, | — K=0,...M 3.3

If we define




5 /2
_ o _
by = gy [ 3, ] K=0,...M (3.4)

then it is easy to see that bK = bM—K ;K= 0,...M.

Thus (2.2) can be written as; if Y; satisfies (1.1),

then there exists a vector b = (bo, Y bM) such

that bk = bM—k ;s k=20,...,M and
M M L
Zb vy .= Zb & . (3.5)
—o ¥ °n k k=g ¥ D k

for any n = M+1.

4. CONSTRAINED MLE

Bresler and Macovski (1986) and Kumaresan, Scharf
and Shaw (1986) considered the maximum likelihood
approach using similar conditions on-the coefficients.
They transformed the problem to a constrained quadratic
minimization problem and solved it iteratively wusing
some standard computer packages. No proof of
convergence was provided in these papers. In this
section we modify the MLE procedure of Kundu (1993a)
using similar conditions on the coefficients. We
transform the problem to a non-linear eigenvalue
problem and solve it iteratively.

The model (1.1) can be written in the

following matrix form;

Y = A(w)a + E ' (4.1)
T T T
where E = (YyreeerYy)y o = CIVERRYL Y w' o=
T .
(wl,...,wM) and E° = (el,...,eN). A(f) is a NxM
iw p
matrix and its (p,q)th element is e ! , PpP=1,...,N, g




=1,...,M.
Therefore (1.3) can be written as

Ry(a, @) = |Y¥ = Aw)a|?  (4.2)

Here the linear parameters o« are separable from the

~

non-linear parameters w. For a fixed value of w, the

~ ~

minimization of Ry with respect to a is a simple linear
- . - A
regression problem. The solution of a(w) is

&) = (A% (0) A(0)) ™! 2% ()Y | (4.3)

~ ~ o~

Substituting back a(w) in (4.2) and denoting Q(w) =

RN(a,w) we obtain

*
Q(w) =Y (I - PA)Y (4.4)
~ £ o1 % ~
where P, = A(A A) 12* is the projection operator in
the range space spanned by the columns of the matrix A.

Therefore the MLE of w can be obtained by minimizing

-~

(4.4), w.r.t. w.

Consider the NxN-M matrix X of the following form:

§O 0 0
: Yo 0
X = : : 0 (4.5)
I . 9o
0 In :
0 . :
5 -
M
L N
: *
From (2.2) it follows Xpu = 0, where ' =




(Eyl,...,EyN). This implies X*A(m) = 0, 1il.e. the

~

*
columns of A are orthogonal to the rows of X and I -

*x =] % e e e . *
P, = PX = X(X X) lX . Therefore minimizing Y (I—PA)Y

A
. . e e *
with respect to o is equivalent to minimizing Y PX Y

-~ ~ -~

with respect to g = (go,...,gM).
.~
Let g  be the vector that minimizes

* x* =1 % =
v*%(x*x) " x*Y. Then the MLE of w can be obtained

~

by solving the polynomial equation as described in
(2.5) and (2.6),;see Kundu; (1993a). Similarly the
constrained MLE of « can be obtained by minimizing

~

* * -
v x(x*x) T x*y
~ ~ (4.6)

Q(g)

such that g*g =1 and g, = éM—k ;s k=0,...,M.

~

Then the estimator of w can be obtained by solving the

~

polynomial equation (2.5). Observe that the roots of
the polynomial equation in the constrained case will be
of the form

e ;s s .4 € (4.7)

instead of (2.6).
The constrained minimization can be done as
follows. The matrix X in the constrained case can be

written as X = [x,,...,% where xf is of the form
1 _ 1

N—M]
0,9,0 ]. Let U and V denote the real and imaginary

P

parts of X respectively. Assuning M is odd for
brevity and 9 = Cx ~ idk for k=0, 1,..., (M-1)/2.
Then X can be written as

(M-1)/2
aEO(C“U“ +id v ) (4.8)

X




where Ua, Va; a=20,1,..., E%i are NxN-M matrices

with entries0 and 1. The minimization of Q(g) =

* * =1 % * -
Y X(X X) "X Y such that g g =1 and 9y = Iy-x’ k =

~ ~

0,...,M is equivalent to minimize
T T
Q(c, d) + A (cc+dd - 1) (4.9)
with respect to ¢, 4 and A. Here we denote cT =
c R d -
M-1 T M-1
(col"'l _‘2—‘)1 ?': . (dol"‘l _2—)r Q(Sl ?) =
* * =1 % . .
Y X(X X) "X Y, where X is of the form (4.8) and A 1is

~

the Lagrange multiplier. If we differentiate (4.9)

with respect to ¢ and d, we obtain a matrix equation of

~ ~

the form

!

D(c*,a*y | ~ + 2 =0 (4.10)
~ o~ a :

Here D is a M+1xM+1l matrix. The matrix D can be written

in a partitioned form as :

p=|2 B (4.11)
B C
where A,B,C are all E%l X E%l matrices. We have
L u* ko o=loKx o % * —=1,..T T T
Ajk =Y Uj(X X) UY - Y X(X X) (UjUk+ UkUj)(X X) XY
* * - -
+ Yo xX'x) ety 35,k =o0,1,... 2L (4.12)
k J A 2
_‘-,* * —1*”,* * -1 T _T %* -1 %
Bjk = -iy Uj(X X) TV Y-1Y X(X X) (Uij kaj)(x X) XY
* * -— -
+ 1YV (X7 X) 1U§Y i,k =0,1,... Eil (4.13)

10




_ *-7 * -1..% _ * * -1 T T * -1 %
Cy = YV TR TV + V) (0 TXY
* — ’ -
+ YV (X7X) 1V§Y 5,k = 0,1,... =L (4.14)

Premultiplying the left hand side of (4.10) by(cT, dT),

we obtain

Q

(T, a%1 p(c*,a%) | +a20 =0 (4.15)

~

o}

It can be easily seen that

c
reT, aTy p(et,a%) | =o0 (4.16)
~ o~ ~ o~ d

which implies A = O. _Therefore the constrained

minimization of Q(g) is equivalent to solving a matrix

~

equation of the form

c e
pct,a*)y | T | =o s.t. clc +dld =1 (4.17)
Similarly when M is even, cT= (co,...,cM),
- 2
dT=[do,...,dM ] and D can be partitioned as
~ =1
2 .
p= |4 B (4.18)
B C

M M M M M M
Here A, B, C are §+1X-§+l,—2-+lXE,EX§,
matrices respectively. The (Jj,k)th element of A, B,

or C is same as before with appropriate ranges. Note
that D is a real symmetric matrix in both the cases,

and we need to solve a matrix equation of the form

D(x)x = 0 s.t. Ixh = 1 (4.19)

~ A ~

11




A

This is a nonlinear eigenvalue problem. X

~

satisfying (4.19) should be an eigenvector
corresponding to the =zero eigenvalue of the matrix
D(§). We suggest the following iterative technique

similar to that of Osborne (1975) and Kundu (1993a) to
solve (4.19) :

(0(x%) - ZKHLT) Kt k+1

=0 I~ I =1 (4.20)

~

+
where kk 1

+1 . . . .
and xk 1 is the corresponding normalized eigenvector.

The iterative process should be stopped when Kk+l is

is the eigenvalue closest to zero of D(xk)

small corresponding to IDI.

The algorithm has the following form :

Step 1: Set an initial value x' and normalize

o~

it, i.e.
Xt = xt/uxtn i=1.
Step 2: Calculate matrix D(xl)
Step 3: Find the eigenvalue Al+l of D(xl)

closest to zero and normalize the

. . +
corresponding eigenvector xttt

~

Step 4: Test the convergence by checking if

AL < < o
Step 5: If the test in 4 fails, i:= i+l and go to

Step 2.

12




5. NUMERICAL EXPERIMENTS:

We performed-some numerical experiments mainly to
compare the performances of the different methods for
finite samples. All these simulations are done using
the IMSL (1984) random deviate generator. We consider

the following two models:

Model 1.
_ 1.0in ~ 2.0in
Y, = 2.0 e + 3.0 e + e,
n=1,...,N. (5.1)
Model 2.
Y, = 1.0 cos(2.0n) + 1.0 sin(2.0n) + <, (5.2)

For Model l,-en are i.i.d. complex valued normal random
variables with mean zero and standard deviation o for
both the real and imaginary partgL The 1real and
imaginary parts are taken to -be independently
distributed. For Model 2 €, are i.i.d. real valued
random variables with mean zero and standard deviation
¢. For different values of N and ¢, one thousand
different data sets were generated. Numerical results
are observed for sample sizes N = 20,30,40,50 and o =
.01,.1 and .5. Observe that our method can be applied
even if the errors are stationary random variables.
For Model 2, we also consider when €, are moving

average error of the form;

€, = e, + .5 e (5.3)
where en's are i.i.d. normal random variables with mean
zero and standard deviation ¢ = .1 and N = 20, 30, 40
and 50.

For each data set, we computed the ordinary MLE
(MLE) as described in Kundu (1993a), constrained MLE as

in Section 4 (CMLE) and as in Bresler and Macovski

13




(CMLEBM); the FBLE_aérin TuftsAand Kumaresan (1982) and
the modified EVLP (EVLP) as in Bai, Rao and Chow
(1989). For the MLE and CMLE we use & = 10™°, the
ordinary EVLP estimator as the starting value and |D]
to be the largest eigenvalue of the matrix D. For
CMLEBM, we use the same initial value as MLE or CMLE
and 7 steps iterations in all the cases. Observe that
the stopping rule of MLE or CMLE is quite different
than that of CMLEBM. It is observed that for MLE or
CMLE the iteration converged in 7 steps in all the
cases for both the models, with the above stopping
criterion. Therefore to have a reasonable comparison
of MLE or CMLE with CMLEBM we use 7 steps iterations
in all the cases in both the models for CMLEBM also.
The mean estimates of the frequencies and their average
mean squared errors  (MSE) over one thousand
replications are reported.

Observe that we write (5;2) in :the form of (1.1)
with w,= 2.0 and w, = -2.0. We estimated w, and w, by
the different methods as described above. In all our
simulations for all the methods the two roots of (2.5)
came in the complex conjugate form, we obtained the
estimator of w from that. We also obtain the
estimators of the linear parameters from (4.3) in all
the cases.

We reported all the results in Table 1-4 for Model
1 and in Table 5 for Model 2 when the errors are i.i.d
and when the errors are from (5.3), the results are
reported in Table 6. 1In each table we also put the

Cramer-Rao lower bounds (CRLB) for comparison.

14




Table 1la
Model 1
N = 20, ¢ = .01
Method \ w w o
1 2 1
PARAMETERS 1.00000 2.00000 2.00000
(CRLB) (.194E-3) (.129E-3) (.224E-2)
MLE 1.00007 1.99989 2.00025
(.275E-3) (.201E-3) (.246E-2)
CMLE 1.00000 1.99997 2.00012
(.215E-3) (.146E-3) (.235E-2)
CMLEBM 1.00001 1.99997 2.00010
(.223E-3) (.152E-3) (.240E-2)
FBLP 1.00014 2.00004 3.99996
(.560E-3) (.220E-3) (.287E-2)
EVLP 0.99982 2.00004 2.00011
(.586E-3) (.217E-3) (.304E-2)
Table 1b _
N =20, ¢ =.1
Method \ w, w, o
PARAMETERS 1.00000 2.00000 2.00000
(CRLB) (.194E-2) (.129E-2) (.224E-1)
MLE 1.00009 1.99983 2.00044
{(.280E-2) (.197E-2) (.240E-1)
CMLE 1.00000 1.99992 2.00010
(.217E-2) (.149E-2) (.230E-1)
CMLEBM 1.00001 1.99991 2.00010
(.225E-2) (.149E-2) (.230E-1)
FBLP 2.00001 3.49990 3.99996
(.531E-2) (.230E-2) (.311E-1)
EVLP 2.00007 3.49996 3.99995
(.521E~-2) (.225E-2) (.312E-1)

15

o
2

3.00000
(.224E-2)

3.00010
(.247E-2)

3.00005
(.242E-2)

3.00005
(.242E-2)

5.50002
(.277E-2)

3.00040
(.280E-2)

(&3
2

3.00000
(.224E-1)

3.00007
(.251E-1)

3.00005
(.244E-1)
3.00013
(.247E-1)

5.50002
(.288E-1)

5.50001
(.282E-1)




N =
Method \ w,

PARAMETERS 1.00000
(CRLB) (.968E-2)

MLE 1.00007
(.176E-1)

CMLE 1.00029
(.108E-1)

CMLEBM 1.00054
(.113E-1)

FBLP 0.98911
(.391E-1)

EVLP 0.98619

Table 1c

20, o =

w
2

2.00000
(.645E-2)

1.99989
(.991E-2)

1.99906

(.726E-2)
1.99891

(.754E-2)

2.01315
(.215E-1)

1.99715

(.398E-1) (.229E-1)

Table 2a

Model 1

N =30, ¢ =

Method \ w, w,

PARAMETERS 1.00000 2.00000
(CRLB) (.105E-3) (.703E-4)
MLE 1.00007 1.99989
(.201E-3) (.111E-3)

CMLE 1.00001 1.99999
' (.140E-3) (.712E-4)
CMLEBM 1.00001 1.99998
(-146E-3) (.739E-4)

FBLP 0.99983 2.00014
(.299E-3) (.250E-3)

EVLP 0.99984 1.99978
(.316E-3) (.276E-3)

16
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o
1

2.00000
(.112E-0)

2.00025
(.201E-0)

1.98828
(.123E-0)

1.98650
(.132E-0)

1.85643
(.340E-0)

1.76575
(.324E-0)

.01

[=3
1

2.00000
(.182E-2)

2.00025
(.202E-2)

2.00016
(.193E-2)
2.00014
(.193E-2)

1.99996
(.270E-2)

2.00011
(.281E-2)

(o}
2

3.00000
(.112E-0)

3.00010
(.182E-0)

2.99803
(.119E-0)

2.99690
(.118E-0)

2.88781
(.261E-0)

2.88092
(.254E-0)

o
2

3.00000
(.182E-2)

3.00010
(.219E-2)

2.99916
(.202E-2)
2.99995
(.201E-2)

3.00190
(.251E-2)

3.00040
(.277E-2)




Table 2b

N =30, ¢ = .1

Method \ w w o

1 2 1
PARAMETERS 1.00000 2.00000 2.00000
(CRLB) (.105E-2) (.703E-3) (.182E-1)
MLE 1.00021 2.00095 2.00011
(.201E-2) (.991E-3) (.231E-1)
CMLE 0.99989 1.99989 2.00009
(.139E~-2) (.722E~3) (.187E-1)
CMLEBM 1.00014 1.99982 2.00009

(.145E-2) (.741E-3) (.191E-1)

FBLP 1.00011 2.00019 1.99563
(.293E-2) (.199E~-2) (.281E-1)

EVLP 0.99983 1.99776  2.01350
(.310E-2) (.195E-2) (.291E-1)

Table 2c
N =30, ¢ = .5

Method \ w, w, o
PARAMETERS 1.00000 2.00000 2.00000
(CRLB) (.527E-2) (.351E-2) (.913E-1)

MLE 0.99987 2.00012 2.00011

(.880E~2) (.481E-2) (.991E-1)

CMLE 1.00091 1.99909 2.04309
' (.739E-2) (.412E-2) (.920E-1)
CMLEBM 1.00094 1.99913 2.04420

(.743E-2) (.416E-2) (.928E~-1)

FBLP 0.98763  1.99763  2.01341
(.268E~1) (.175E-1) (.299E-0)

EVLP 0.98866 1.98847 1.81846
(.276E-1) (.187E-1) (.306E-0)
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o
2

3.00000
(.182E-1)

2.99981
(.243E-1)

2.99891
(.233E~1)

2.99959
(.211E-1)

2.99856
(.279E-1)

2.98708
(.277E-1)

(o3
2

3.00000
(.913E-1)

3.00121
(.972E-1)

2.99037
(.921E-1)

2.99817
(.923E-1)

2.97865
(.239E-0)

2.78936
(.249E-0)




Method
PARAMETERS
(CRLB)

MLE

CMLE

CMLEBM

FBLP

EVLP

Method
PARAMETERS
(CRLB)

MLE

CMLE

CMLEBM

FBLP

EVLP

Table 3a

Model 1
N = 40, o = .01
\ w w, e,
1.00000 2.00000 2.00000
(.685E-4) (.456E-4) (.158E-2)
1.00003 1.99948 2.00012
(.891E-4) (.591E-4) (.189E-1)
1.00001 1.99998 2.00091
(.793E~4) (.495E-4) (.176E-1)
1.00001 1.99998 2.00019
(.806E-4) (.505E-4) (.176E-1)
1.00017 2.00011 1.99956
(.248E-3) (.199E-3) (.199E-2)
0.99899 1.99981 1.99962
(.256E-3) (.196E-3) (.201E-2)
Table 3b
N =40, ¢ = .1 ==
\ ®y ®, %
1.00000 2.00000 2.00000
(.685E-3) (.456E-3) (.158E-1)
0.99979 2.00091 1.99911
(.911E-3) (.685E-3) (.210E-1)
1.00012 1.99981 2.00889
(.793E-3) (.496E-3) (.175E-1)
1.00014 1.99987 2.00886
(.801E-3) (.499E-3) (.181E-1)
0.99923 2.00178 1.99203
(.269E-2) (.888E-3) (.271E-1)
1.00076 1.99786 2.00171
(.275E-2) (.885E-3) (.275E-1)
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o}
2

3.00000
(.158E-2)

2.99919
(.211E-1)

2.99960
(.173E-1)

2.99987
(.179E-1)

2.99281
(.210E-2)

2.99981
(.202E-2)

o
2

3.00000
(.158E-1)

2.99891
(.206E-1)

2.99698
(.163E-1)

2.99789
(.176E-1)

3.00879
(.259E-1)

3.00932
(.261E-1)




N =
Method \

PARAMETERS 1.00000
(CRLB) (.342E-2)

MLE 0.99764
(.423E~2)

CMLE 1.00083
(.395E-2)

CMLEBM 1.00089
(.396E-2)

FBLP 1.09805
(.218E-1)

EVLP 1.00165
(.211E-1)
N =

Method \ w

PARAMETERS 1.00000
(CRLB) (.489E-4)
MLE 0.99998

(.601E-4)

CMLE 1.00000
(.570E-4)

CMLEBM 0.99999
(.575E-4)

FBLP 1.00011
(.158E-3)

EVLP 0.99994
(.159E-3)

Table 3cC
40, o =

w
2

2.00000
(.228E-2)

2.00120
(.298E-2)

1.99920
(.248E-2)

2.00011
(.255E-2)
2.00128
(.936E-2)

1.99765
(.989E-2)

Table 4a
Model 1
50, ¢ =

w
2

2.00000
(.326E-4)

1.99988
(.380E-4)

1.99999

(.320E-4)
1.99999

(.326E-4)

1.99920
(.139E-3)

2.00010
(.136E-3)
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.5

o
i

2.00000
(.790E-1)

1.99910
(.899E~1)

2.03879
(.842E-1)
2.03563
(.851E-1)

2.02451
(.311E-0)

1.91876
(.299E-0)

.01 -

o3
1

2.00000
(.141E-2)

2.00009
(.181E-2)

1.99998
(.171E=-2)

2.00001
(.176E-2)

1.99931
(.189E-2)

2.00078
(.198E-2)

o
2

3.00000
(.790E-1)

3.00019
(.911E-1)

2.98082
(.817E-1)

2.99914
(.815E-1)

3.01395
(.231E-0)

2.88976
(.241E-0)

[}
2

3.000060
(.141E-2)

2.99999
(.178E-2)

2.99991
(.140E-2)
2.99990
(.141E-2)

3.00016
(.189E-2)

3.00001
(.198E-2)




N=
Method \ w

PARAMETERS  1.00000
(CRLB) (.489E-3)

MLE 1.00012
(.710E-3)

CMLE 0.99992
(.670E-3)

CMLEBM 1.00056
' (.675E-3)

FBLP 0.99918
(.238E-2)

EVLP 1.00072
(.244E-2)

N

Method \ w,

PARAMETERS  1.00000
(CRLB) (.245E-2)
MLE 1.00569
(.375E-2)

CMLE 0.99971
(.327E-2)

CMLEBM 0.99976
(.335E~2)

FBLP 1.00198
(.190E~1)

EVLP 1.00880
(.198E-1)

I

Table 4b

20

50, ¢ = .1
w a
2 1
2.00000 2.00000
(.326E-3) (.141E-1)
2.00088 1.99962
(.389E-3) (.191E-1)
1.99993 2.00769
(.335E-3) (.167E-1)
2.00091 2.00239
(.340E-3) (.170E-1)
2.00098 2.00270
(.790E-3) (.262E-1)
1.99911 2.00252
(.787E-3) (.251E-1)
Table 4c .
50, ¢ = .5
w o4
2 1
2.00000 2.00000
(.163E-2) (.707E-1)
2.00253 1.99987
(.218E-2) (.849E-1)
1.99969 2.03347
(.198E-2) (.830E-1)
2.00021 1.99281
(.205E-2) (.833E-1)
1.99875 2.00320
(.788E-2) (.303E-0)
2.00210 1.91642
(.779E-2) (.288E-0)

o4
2

3.00000
(.141E-1)

3.00019
(.199E-1)

2.99905
(.159E-1)

3.00317
(.169E-1)

3.00349
(.244E~-1)

3.00013
(.249E-1)

(=
2

3.00000
(.707E-1)

2.99911
(.811E-1)

2.99546
(.710E~1)

2.99786
(.707E-1)

3.00237
(.225E-0)

2.95185
(.239E-0)




o

Sample Size\ 20

Methods

CRLB

CMLE

CMLEBM

FBLP

EVLP

2.00000
(.387E-3)

1.99989
(.401E-3)

1.99996
(.390E-3)

1.99998
(.390E-3)

1.99987
(.498E-3)

1.99988
(.500E-3)

Sample Size\ 20

Methods
CRLB

MLE

CMLE

CMLEBM

FBLP

EVLP

2.00000
(.387E-2)

1.99983
(.403E-2)

1.99993
(.388E-2)

2.00017
(.388E-2)

2.00011
(.501E-2)

2.00023
(.497E-2)

I

Table 5a
Model 2

.01, w = 2.0

30

2.00000
(.211E-3)

1.99996
(.311E-3)

1.99997
(.219E-3)

1.99999
(.220E-3)

1.99990
(.437E-3)

1.99989
(.431E-3)

2.00000
(.211E-2)

1.99989
(.314E-2)

2.00061
(.220E-2)

1.99992
(.224E-2)

2.00032
(.441E-2)

1.99965
(.434E-2)
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40
2.00000
(.137E-3)

1.99995
(.201E-3)

1.99998
(.142E-3)

1.99998
(.144E-3)

1.99989
(.289E~3)

1.99999
(.299E-3)

40

2.00000
(.137E-2)

1.99991
(.199E-2)

1.99991
(.141E-2)

1.99999
(.141E-2)

1.99994
(.286E-2)

1.99989
(.297E-2)

50
2.00000
(.980E-4)

1.99989
(.123E-3)

©1.99999

(.988E~4)

1.99998
(.995E-4)

1.99995
(.241E-3)

1.99998
(.238E-3)

50

2.00000
(.980E-3)

2.00001
(.119E-2)

2.00003
(.990E-3)

1.99992
(.994E-3)

1.99988
(.244E-2)

1.99988
( -240E-3)




o= .5, w=2.0
Sample Size\ 20 30 40 50
Methods
CRLB 2.00000 2.00000 2.00000 2.00000
(.194E-1)  (.105E-1)  (.685E-2) (.490E-2)
i MLE 2.00011 2.00004 1.99995 1.99997
= (.225E-1)  (.218E-1)  (.789E-2) (.588E-2)
CMLE 2.00071 1.99918 1.99954 2.00013
(.196E-1)  (.109E-1)  (.699E-2) (.498E-2)
B CMLEBM  1.99901 2.00018 2.00001  2.00071
- (.198E-1) (.110E-1)  (.705E-2) (.500E-2)
FBLP 2.00088 2.00098 1.99934 2.00108
(.401E-1)  (.399E-1)  (.303E-1) (.255E-1)
EVLP 1.99975 1.99955 2.00152 1.99917
(.402E-1)  (.388E-1)  (.298E-1) (.266E-1)
~ Table S5b
Model 2
o= .01, A=1.0
o Sample Size\ 20 30 40 50
o Methods
CRLB 1.00000 1.00000 1.00000 1.00000
(.500E-2)  (.408E-2)  (.354E-2) (.316E-2)
MLE 1.00765 0.99696 1.00145 1.00132
(.559E-2)  (.501E-2)  (.488E-2) (.370E-2)
CMLE 1.00249 1.00201 1.00158 0.99891
(.556E-2)  (.457E-2)  (.400E-2) (.339E-2)
CMLEBM 0.96269 1.00709 0.99290 0.99852
(.573E-2)  (.458E-2)  (.428E-2) (.343E-2)
FBLP 1.00987 0.99189 1.00179 1.00012
(.858E-2) (.757E-2)  (.689E-2) (.521E-2)
EVLP 1.00266 1.00196 0.99920 1.00236
(.846E-2) (.762E-2)  (.687E-2) (.538E-2)
22




Sample Size\ 20

Methods

CRLB

MLE

CMLE

CMLEBM

FBLP

EVLP

1.00000
(.500E-1)

0.98701
(.588E~-1)

1.01661
(.561E-1)

1.06559
(.568E-1)

1.02129
(.784E-1)

0.98591
(.800E-1)

Sample Size\ 20

Methods

CRLB

MLE

CMLE

CMLEBM

FBLP

EVLP

1.00000
(.250E-0)

1.08614
(.318E-0)

1.06013
(.292E-0)

1.01685
(.309E-0)

0.89376
(.558E-0)

0.88750
(.562E-0)

30
1.00000
(.408E-1)

0.97236
(.510E-1)

1.00728
(.453E-1)

1.02134
(.455E-1)

1.03458
(.771E-1)

0.97291
(.751E-1)

.5, A =
30
1.00000
(.204E-0)

0.94289
(.287E-0)

1.01013
(.218E-0)

0.97094
(.234E-0)

1.21643
(.534E-0)

0.89921
(.501E-0)
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1.0

40
1.00000
(.354E-1)

1.00561
(.491E-1)

1.01239
(.409E-1)

1.01187
(.411E-1)

1.00977
(.680E-1)

0.99350
(.679E-1)

40

1.00000

(.177E-0)

0.95671
(.255E-0)

1.01601
(.201E-0)

0.99316
(.214E-0)

0.90185
(.499E-0)

0.89958
(.468E-0)

50

1.00000
(.316E-1)

1.01143
(.390E-1)

1.01226
(.344E-1)

1.00333
(.341E-1)

1.01949
(.515E-1)

1.00196
(.511E-1)

50
1.00000
(.158E-1)

1.07197
(.243E-0)

1.01038
(.169E-0)

0.99043
(.177E-0)

1.10967
(.320E-0)

1.00196
(.355E-0)




Table 6a
Model 2

- Moving Average Error

Sample Size\ 20

Methods

CRLB

MLE

CMLE

CMLEBM

FBLP

EVLP

2.00000
(.353E-2)

1.99998
(.399E-2)

2.00015
(.372E-2)

2.00018
(.381E-2)

1.99619
(.757E-2)

2.00610
(.779E-2)

Sample Size\ 20

Methods
CRLB

MLE
CMLE
CMLEBM
FBLP

EVLP

1.00000
(.460E-1)

0.96120
(.571E-1)

0.99256
(.501E-1)

1.00825
(.517E-1)

1.03703
(.827E-1)

0.94707
(.901E-1)

o

o =

A1, w =
30
2.00000

(.193E-2)

2.00008
(.279E-2)

2.00009
(.201E-2)

2.00000
(.203E-2)

1.99658
(.652E-2)

2.00186
(.645E-2)

Table 6b
.1, A=
30

1.00000
(.372E-1)

1.00961
(.511E-1)

1.00113
(.409E-1)

1.01048
(.411E-1)

1.04686
(.811E-1)

0.93546
(.859E-1)
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2.0

1.0

40
2.00000
(.125E-2)

1.99999
(.177E-2)

2.00001
(.132E-2)

2.00006
(.140E-2)

1.99730
(.427E-2)

1.99851
(-+441E-2)

40

1.00000
(.333E-1)

0.99280
(.451E-1)

1.00147
(.367E-1)

1.00290
(.375E-1)

1.05334
(.723E-1)

1.08556
(.801E-1)

50

2.00000
(.895E-3)

2.00006

(.171E-2)

1.99999
(.901E-3)

2.00001
(.911E-2)

1.99641
(.299E-2)

2.00181
(.315E-2)

50

1.00000
(.289E-1)

0.99549
(.377E-1)

0.99990
(.291E-1)

1.00034
(.301E-1)

0.93356
(.700E-1)

0.91957
(.733E-1)




6. CONCLUSIONS:

In this paper we try to estimate the parameters of
a complex sinusoidal signal. Since any algorithm
analyzing a complex signal can be used easily for
analyzing the corresponding real signal (Kumaresan and
Tufts; 1982) therefore our algorithm can also be used
easily to analyze the corresponding real signal. it
is well known that the estimators depend on the root of
a certain polynomial equation. It is observed that the
coefficients of the polynomial exhibit a certain
symmetry. In this paper we modify the maximum
likelihood method of Kundu (1993a) by wusing this
symmetry constraints. Bresler and Macovski (1986) and
Kumaresan, Scharf and Shaw(1986) also obtained the
maximum likelihood estimators wusing this symmetry.
Their methods are very much similar to each other (see
Bresler and Macovski; 1986). Kumaresan, Scharf and
Shaw (1986) suggested to use some standard constrained
optimization packages whereas Bresler and Macovski
(1986) obtained the explicit normal equations to solve
this constrained problem. Since both the methods are
almost same, we report the results of Bresler and
Macovski (1986) only.

The numerical results confirm the satisfactory
performance of the CMLE algorithm. The mean estimators
over one thousand replications show that the sinusoidal
frequencies can be estimated unbiasedly by all the
methods. But as far as MSE is concerned, the CMLE has
the lowest MSE in almost all the cases. The MSE of
the CMLE reaches the CRLB in some situations. As N
increases or ¢ decreases, the MSE of the estimators
decreases. When N is large and ¢ is small, MLE, CMLE
and CMLEBM behave quite similarly but for small N and
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large value ¢ CMLE behaves marginally better than
CMLEBM. It is observed that using the same number of
iterations, the CMLE has a clear advantage over CMLEBM
in terms of MSE.

Now to compare the computational merit of
different iterative procedures, observe that the main
computation involves in each iteration in inverting a
N-M x N-M matrix X*X, where X is of the form (4.5).
Since X'X is a banded Toeplitz matrix with bandwidth
2M+1 the inyerse computation can be done very
efficiently (see Kumar;1985 or Kumaresan, Scharf and
Shaw (1986)). 1In each iteration to calculate CMLEBM it
is required to solve a set of M+l linear equations of
M+1 unknowns and to compute CMLE it is required to
obtain the eigenvalues and eigenvectors of a real
symmetric matrix of order M+l x M+l. Observe ~that in
MLE computation we need to calculate the eigenvalues
and eigenvectors of a Hermitians=-matrix of order
M+1xM+1. So CMLE involves less computation than MLE
and CMLEBM involves less amount of computation than
CMLE in each iteration. But usually M is very small
compared to N in practice, so computationally it does
not make too much of a difference in each iteration
calculation.

Another important problem needs discussion is the
choice of initial value for the iterative procedure. It
is well known that in this problem unless the starting
values are reasonably good it is very likely that any
iterative procedure converges to a local minimunm rather
than a global minimum. The work of Rice and Rosenblatt
(1988) showed that there are local minimum of the sums

of squares with respect to the « which are O(1/N)

-~

apart. Since the EVLP method gives a convergence rate
of only O(1/¥N), one would not expect it to be good
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enough as a starting value to find the global_“hihimum
to the sums of squares. Although we observed in our
simulation studyJ that the EVLP estimator is a
reasonable starting point. Bresler and Macovski (1986)
and Kumaresan, Scharf and Shaw (1986) also used the
same starting point and obtained global convergence in
their simulations. We observe that FBLP also can be
used as a reasonable starting value. We perform the
experiments with both the starting values and it is

observed from any one of thém all the algorithmirnamely
MLE, CMLE or CMLEBM converge to the same global
minimum. Only difference it makes in the number of
iteration and that is also very marginal. It seems 1if
o is not too large, then EVLP or FBLP estimator can be
used as a initial guess to obtain the global optimum.
For large ¢, it is not very easy to choose a good
starting value without having any prior information
about the parameters. It seems more work is needed in
this direction.

Observe that the symmetry constraint of the
polynomial coefficients obtained in Section 3, 1is
necessary but not sufficient for the polynomial roots
to be on the unit circle (see Kay and Marple; 1981).
The constrained algorithm may return real roots that
are reciprocal of one another. But in a neighborhood
of the true value, the symmetry constraint is
sufficient also. We did not encounter this problem in
our simulation study in any model. -

Recently Kahn et al (1992) has studied extensively

the effect of different scaling factor such as |g] = 1

or g_= 1 etc. on the consistency of Prony’s method. It
is observed that different scaling factors play an
important role in the asymptotic inference. It can be

exploited here also. It seems extensive study of
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different scaling factors is needed for this problem.

Observe that the MLE, CMLE and CMLEBM are
asymptotically equivalent. It is known (Mitra and
Kundu; 1993, Rao and Zhao; 1993) that the asymptotic
variance of the maximum likelihood estimates are equal
to the CRLB. It 1is interesting to note that the
variances for the least squares estimates are rather
greater than the corresponding CRLB in some cases.
Since it is a highly non-linear problem, we believe it
is due to the poor asymptotic approximation.

Rice and Rosenblatt (1988) observed that wunless
the frequencies are estimated with the precision
O(N—l), the corresponding estimators of the linear
parameters, say by (4.3), may not be consistent. So
although MLE, CMLE or CMLEBM are ’computationally nmore
expensive than FBLP or EVLP, it may be advisable to
use them to obtain consistent estimates of both 1linear
as well as noﬁ linear parameters. Among the MLE, CMLE
and CMLEBM we recommend to use CMLE one since it has

the lowest mean squared errors.

APPENDIX

In this Appendix we try to give some theoretical
support for the convergence of the iterative procedure
described in (4.20), particularly when the errors are
independent and identically distributed. To prove the
asymptotic stability of the iterative process (4.20),
we need to make the assumption that the true parameter
value (a, w) = (ai,...,ot

M
point of the parameter space. We take M 1is odd for

,wi,...,wu) is an interior
brevity. The proof for M even 1is exactly the same.

The iterative procedure (4.20) can be expressed as
F(ck, dk) _ (Ckﬂ', dk+1) (A.1)
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where ck and dk areiéhé

elements of the vector xk,

k k
(Co’ tt e ’C<M—1>/z)

Here the function F: R™™* — ™

first
i.e.

and

and the last (M+1)/2

xk = (ck, dk), where
k__ k k

d = (do,...,dkM_ﬂ/z).

1

—

is defined implicitly

through (4.20).  Therefore the convergence matrix F of

the iterative process can be written as

dck+1 ddk+1
. A k I
F(&, a) - dc dc (A.2) -
dckﬂ ddkﬂ
ag* ag* R
I — (C,d)'—‘(C,d)

Here § = (8, 3) is the solution of (4.19) and all the
(M+1)/2 x (M+1)/2.
/dck is obtained by taking

four sub matrices are of the order
The (i,7J) th element of ack*t

k

* with respect to c;

the partial derivative of c]_:+ and

the other elements are also similarly defined. Finally

the matrix F(e, a) is obtained by evaluating all the

elements at the point X = (8, a). The sufficient

of the

spectral density

condition that x is a point of attraction

iterative process (4.20) is that the

of F(e, a) is less than one (Ortega and Rheinboldt,

1970). Writing (4.20) explicitly using the expressions
of D from (4.11) to (4.14), we obtain
(M-1)72 k+1 (M-1)72 k+1 k+1) _k+4
Y A, C, + T B .4, = A C, (A.3a)
. o . iy
ji=o j=o
({M—-1>/2 (M—-1)/2
T B’,', cl.<+1 + c. d’fﬂ' — K‘kﬂ)dl_“" (A. 3b)
. tj . iy i
j=o j=o
. k+1 k+1
i=0,1,..., (M-1)/2 and |(c"", & )| = 1.

Here all the matrix A, B and C are evaluated at X =
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A A
(c*, dk). The elements of the matrix F(c, d) can be
obtained by differentiating both sides of (A.3a) and

(A.3b) with respect to ct for 1 = 0,1,...,(M-1)/2 and

evaluating at the point x yields

A(c, d) — + B(c, d)y — + Rl(c, d) =
dc dc
L L
-AV/\V A AT - o
- Sgr,de (A.4a)
ch ch
g¥(e, a) % +ce, @) ¥ 4+ s (c, Q) =
dc dc
L 1
S AT
- DGrLdd (A.4a)
dd dc

where Rl(e, 3) is an (M+1)/2 vector whose jth. element

for § =0, 1,...,(M-1)/2 is given by
A a -

R (¢, )

Y*Uj(x*X)"(U'L’x + x*UL)(x*X)"x*Y

* %* - * * - *
Y U (X X) 1(ij + XU (X X) X7y
* * - * * -
+ Y X(X X) 1(fo + X U) (X X) ‘(fo

+ X*Uj)(x*X)“‘x*Y + Y*X(x*x)"(U':_'x

+

* - * -
X*Uj)(X X)(UTX + x"0) (X7X) tx*y

* - * -
¥ x(x¥x) 1(U’J,'x + X UJ,)(X*X) *(ulY

Y*X(x*X)"(U':x + X*UL)(X*X)‘i(U?Y (A.5)

and the (M+1)/2 vector SL(G, 8) is also similarly
A

defined. Here the ith. element of dcT/ch for i =

0,...,(M-1)/2 is obtained by taking the partial

. . k+1

derivative of c.

with respect to ct and evaluating it
at (8; 3). daT/ch and diT/ch are also similarly
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defined.
It is easy to see that because all the gquantities

inside the parenthesis in

d)\’\ A ART
Lim { AT+ A de } =0

n —w ch

for 1 = 0,1, cee, (M-1)/2 (A.6a)
and Lim {9’*-3T+>?99- } =0

n. —o ch v

for 1 = 0,1, ee., (M-1)/2 (A.6Db)

both (A.6a) and (A.6b) are bounded over a compact set.

Therefore from (A.4) we obtain

de_ A A
A(c,d) B(c,d) R(c,d)
1im 1171 dfl + % I: A j]
N0 B (c,d) C(c,d) ggi S(c,d)
L dc,
=0 (A.7)

The main idea of the proof of the asymptotic
stablllty of the iterative process 1is as follows;
(l/n)Rl(c d) and (1/n)S (c d) converges to zero vectors
' almost surely for 1 = 0,1,...,(M-1)/2 and (1/n)D(c d),
where

A A A A

~ A(c,qd) B(c,d)
D(c,d) = . A A A (A.8)

B (c,d) C(c,d)

converges to a positive semi definite matrix with null

space spanned by (c°,d°), the true value of (c,d),

corresponding to the true parameter value w. Since

A A

cct + ddt =1 (A.9)
therefore
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cdc L 34 for 1 =0,1, ..., (M=1)/2. (A.10)
dc, dc

Since the MLE of w converges almost surely to the true
A A

parameter value w, therefore (c,d) converges almost

surely to (c°,d°). From (A.10) it follows that the

A A
vector [dc/d‘cL,dd/ch]'r converges to a vector which is

A A
orthogonal to (c®,d%). Since Lim [dc/ch,dd/dcl_]T
. n —o , .
belongs to the null space of lim(1/n)D(c,d) and the
n—ow
later converges to a positive semi definite matrix with

A . A
null space spanned by (c"",do),therefore[dc/ch,c'l_d/dcl_]'r

converges to zero vector almost surely. The same
reasoning holds for [dé/ddL,da/ddL]'r for 1 = o, 1,...,
(M-1)/2. Therefore F, the convergence matrix,
converges to zero almost surely. This implies the

asymptotic stability of the proposed algorithm.

To complete the proof we need the following

results

lim 2 p(¢,d) = lim % E(D(c®,d°)) =D,

n—cw 4 A A n—o : o °
lim 3 Rl(c,d) = lim 7 E(Rl(c ,d7)) =0

n—w® A n—wo o .o
lim = SL(c,d) = lim 5 E(SL(c ,d)) =0

n—c n—

for 1 =0, 1, ..., (M-1)/2 (A.11)

Here E stands for expectation ~ and D, is a positive
semi definite matrix with null space spanned by (c®,d%).
The proof of (A.11) is very much similar to that of
Theorem A.1 of Kundu (1994) so it is omitted.
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